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Abstract 

We give an algorithm, based on the 93-expansion of Parry, in order to compute 
the topological entropy of a class of shift spaces. The idea is to solve an inverse 
problem for the dynamical systems Px+a mod 1. The first part is an exposition of 
the (/^-expansion applied to piecewise monotone dynamical systems. We formulate 
for the validity of the (/J-expansion, necessary and sufficient conditions, which are 
different from those in Parry's paper [P2j . 
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1 Introduction 

In 1957 Renyi published his paper [R] about representations for real numbers by /- 
expansions, called hereafter (/^-expansions, which had tremendous impact in Dynamical 
Systems Theory. The ideas of Renyi were further developed by Parry in [PI] and |P2j . See 
also the book of Schweiger |Sch] . The first part of the paper, section [2l is an exposition 
of the theory of (/9-expansions in the setting of piecewise monotone dynamical systems. 
Although many of the results of section [2] are known, for example see |Bo] chapter 9 
for Theorem 12. 5[ we state necessary and sufficient conditions for the validity of the tp- 
expansion, which are different from those in Parry's paper [P2j . Theorem l2.2l and Theorem 

ES 

We then use (/9-expansions to study two interesting and related problems in sections 
[3] and HI When one applies the method of section [2] to the dynamical system f]x + a 
mod 1, one obtains a symbolic shift which is entirely described by two strings u"'^ and 
y°'^ of symbols in a finite alphabet A = {0, . . . ,k — 1}. The shift space is given by 

S(u°'^,y"'^) = {x G : u"''^ ^ a"x ^ y°'^ Vn > O} , (1.1) 

where ^ is the lexicographic order and a the shift map. The particular case a = has 
been much studied from many different viewpoints (/3-shifts). For a ^ the structure 
of the shift space is richer. A natural problem is to study all shift spaces S(u,y) of the 
form fll.ip when we replace u"'^ and y"'^ by a pair of strings u and y. In section 12] we 
give an algorithm. Theorem 13. Ij based on the <y9-expansion, which allows to compute the 
topological entropy of shift spaces S(u,y). One of the essential tool is the follower-set 
graph associated to the shift space. This graph is presented in details in subsection 13. 1[ 
The algorithm is given in subsection 13.21 and the computations of the topological entropy 
in subsection 13. 3[ The basic idea of the algorithm is to compute two real numbers a and 
/3, given the strings u and y, and to show that the shift space S(u, y) is a modification 
of the shift space S(u"'^, y"''^) obtained from the dynamical system /3x + a mod 1, and 
that the topological entropies of the two shift spaces are the same. In the last section we 
consider the following inverse problem for the dynamical systems Px + a mod 1: given 
u and y, find a and P so that 

U = u"''^ and y = y"'^. 
The solution of this problem is given in Theorems 14. II and 14.21 for all > 1. 

2 (/^-expansion for piecewise monotone dynamical 
systems 

2.1 Piecewise monotone dynamical systems 

Let X := [0, 1] (with the euclidean distance). We consider the case of piecewise monotone 
dynamical systems of the following type. Let = ao < ai < ■ • ■ < = 1 and Ij := 
{ttj, ttj+i), j G A. We set A := {0, . . . , A; — 1}, k >2, and 

So:=X\[jl,. 
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For each j & k let 

/,:/, ^ J, :=/,(/,) C [0,1] 

be a strictly monotone continuous map. When necessary we also denote by fj the con- 
tinuous extension of the map on the closure Ij of Ij. We define a map T on X\Sq by 
setting 

T{x) := fj{x) if X E Ij . 
The map T is left undefined on Sq. We also assume that 

{[jj^)ni, = i, Vj. (2.1) 

We introduce sets Xj, Sj, and S by setting for j > I 

Xo := [0, 1] , X, := X,-i\S',_i , S, := G X, : T(a;) G , 5 := |J 5, . 

i>o 

Lemma 2.1. f/nder i/ie condition (El]), r"(X„+i) = Xi and T(X\5) = X\S. X\S is 
dense in X . 

Proof: Condition (12. ip is equivalent to T{Xi) D Xi. Since X2 = Xi\Si and Si = {x E 
Xi : T(x) ^ Xi}, we have T(X2) = Xi. Suppose that T"'{Xn+i) = Xi, we prove that 
T"+^(X„+2) = Xi. One has = Xn+2 U S'„+i and 

Xi = r"(x„+i) = T"(x„+2) u T^{Sn+i) . 

Applying once more T, 

Xi C T(Xi) = T"+i(X„+2) u r"+i(S'„+i) . 

rpn+1 defined on X„+i and Sn+i C X„+i. 

T"+i5„+i = {xe X„+i : r"+i(x) G So} = {xE X„+i : T"+i(x) ^ Xi} . 

Hence T"+i(X„+2) = ^i- Clearly T{X\S) C X\S and T(>S\>So) C 5. Since Xi is the 
disjoint union of X\S and 5'\5'o, and TXi D Xi, we have T{X\S) = X\S. The sets 
X\Sk are open and dense in X. By Baire's Theorem X\S = f]i^{X\Sk) is dense. □ 

Let Z+ := {0, 1,2,.. .} and A'^+ be equipped with the product topology. Elements of 
are called strings and denoted by x = (xq, xi, . . .). A finite string w = {wo, ■ ■ ■ , Wn-i), 

Wj G A, is a word; we also use the notation w = t^o ■ ■ -Wn-i- The length of w is |w| = n. 

A n-word is a word of length n. There is a single word of length 0, the empty-word e. The 

set of all words is A*. The shift-map a : k'^+ is defined by 

cr(x) := (xi,X2, . . .) . 
We define two operations p and s on A*\{e}, 

\wQ---Wn-2 if w = z/7o ■ ■ ■ ^^n-i and n > 2 
PW := < .„ (2.2) 

I e if w = zfo 

\wi---Wn-i if w = t/7o ■ ■ ■ and n > 2 
sw := < . (2-3) 
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On A'^+ we define a total order, denoted by -<. We set 
and for a word w, 

5{w) :■ 

Let x' 7^ x" belong to k'^+; define j as the smallest integer with x'j 7^ Xj. By definition 

X ^ X <^=^ y J J J 

\x'j > Xj if 5(Xo ■ ■ ■ X'j_^i) = — 1 . 

As usual x' ^ x" if and only if x' -< x" or x' = x". When all maps fj are increasing this 
order is the lexicographic order. 



+1 if fj is increasing 
-1 if fj is decreasing, 



5{Wo) ■ ■ ■ S{Wn~l) if W = Wo- ■ -Wn-l 

1 if w = e. 



2.2 (/^-expansion 

We give an alternative description of a piecewise monotone dynamical system as in Parry's 
paper |P2] . In this description, when all maps are increasing, one could use instead of 
the intervals Ij the intervals := [aj,aj+i), j G A. In that case 5*0 = {flfc} and Sj = 
for all j > 1- This would correspond to the setting of Parry's paper |P2j . 

We define a map 99 on the disjoint union 

k-l 

domcp := \^ j + Jj CR , 

j=0 

by setting 

(^(x) := /ri(t) if X = i + t and t G J,-. (2.4) 
The map ip is continuous, injective with range Xi. On Xi the inverse map is 

f~^{x) = j + Tx if a; G Ij . 

For each j, such that fj is increasing, we define Tp^ on j + [0, 1] (using the extension of fj 
to [aj,aj+i\) by 

{Uj ii x = j + t and t < fj{aj) 

f-\t) if x = j+t and te Jj (2.5) 
Oj+i if X = j + t and fj{aj+i) < t. 

For each j, such that fj is decreasing, we define Tp^ on j + [0, 1] by 

{aj^i if X = i + t and t < fj{ajj^i) 
ff\t) if X = i + t and t G Jj (2.6) 
ttj if X = j + t and fj{aj) < t. 



Computation of topological entropy 



5 



It is convenient below to consider the family of maps Tp^ as a single map defined on [0, k], 
which is denoted by ^. In order to avoid ambiguities at integers, where the map may be 
multi- valued, we always write a point of + 1] as x = j + t, t E [0, 1], so that 

We define the coding map i : X\S by 

i(x) := (io(a;), ii(a^), • • •) with i„(x) := j if T^x G Ij . 
The ip-code of a: G X\S is the string and we set 

S = {x G : X = l{x) for some x G ^V*?} . 
For X G X\S and any n > 0, 

(^-i(T"x) = ln{x) + T"+^x and i(T"x) = . (2.7) 

Let 2;-,- G A, 1 < j < n, and t G [0, 1]; we set 

Tp^{zi +t) := Tp{zi + t) 

and 

^ni^U ...,Zn + t):= ^n-li^U • • • , Z^^l + Vi^n + t)) . (2.8) 

For n > 1 and m > 1 we have 

+ t)). (2.9) 

The map t i— ^„(xo, . . . , Xn-i + t) is increasing if 5{xo ■ ■ ■ Xn-i) = 1 and decreasing if 
6{xo ■ ■ ■ Xn~i) = —1- We also write ^„(x) for ^„(xo, . . . , x„_i). 

Definition 2.1. T/ie rea/ number s has a (/^-expansion x G A'^+ i/ie following limit exists, 
s = lim <p^{x) = ip{xo + ^{xi + ...))= ^oois) . 

The (y9-expansion is well-defined if for all x G A'^+, lim„_>oo^„(2^) = ^00(2-) exists. 

The (/^-expansion is valid if for all x G X\S the (p-code i{x) of x is a (/j-expansion of x. 

If the (/j-expansion is valid, then for x G X\S, using (12.91) . (12. 7p and the continuity 
of the maps Tp' , 

X = lim lpJio{x), . . . , i„_i(x)) 
= lim ^„(io(x), . . . , i„_i(2;) + ^„(i„( 

) (2.10) 

m— >oo 

= ^ni^oix), ■ ■ ■ , in-l{x) +^^{i{T''x)) . 

The basic and elementary fact of the (/^-expansion is 

a, 6 G [0, 1] and Xq < Xq =^ ^(a^o + o) < Tp{xQ + b) . (2-11) 

We begin with two lemmas on the 99-code (for Lemma [2.21 see e.g. [CoEj ). 
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Lemma 2.2. The Lp-code i is :<-order-preserving on X\S : x < y implies i{x) ^ 

Proof: Let x < y. Either io{x) < ioiu), or io{x) = io{y); in the latter case, the strict 
monotonicity of fio(x) imphes 

ip-\x) = ioix) + T{x) < ip-\y) = ioix) + T{y) if <5(io(x)) = +1 
ip'\x) = ioix) + T{x) > ip-\y) = ioix) + T{y) if 5(io(a;)) = -1. 

Repeating this argument we get i(a;) ^ i(y). □ 
Lemma 2.3. The Lp-code i is continuou^ on X\S . 

Proof: Let x G X\S and {x"} C X\S, hm^x"' = x. Let x G Ij^. For n large enough 
x" G Jjo and io{x'^) = io{x) = jo- Let ji := ii(x); we can choose ni so large that for 
n > rii Txn G Jj^. Hence io{x"') = jo and ii(x"') = ji for all n > Ui. By induction we 
can find an increasing sequence {rim} such that n > implies ij{x) = ij{x"') for all 
j = 0, ...,m. □ 

The next lemmas give the essential properties of the map Tp^. 

Lemma 2.4. Let x G A^+. Then there exist y^{x) and yi{x) in [0, 1], such that y^{x) < 
yi{x); yi^{x) and yi{x) are the only possible cluster points of the sequence {'ip^{x)}n- 
Let X G X\S and set x := i(a;). Then 

aj <y^ix)<x< yi{x) < Oj+i if Xo= j . 

If the (f-expansion is valid, then each y G X\S has a unique tp-expansioi^, 

y = ^oois) e X\S X = i{y) . 

Proof: Consider the map 

t ^„(xo, . . . ,x„_i + t) . 
Suppose that S{xq ■ ■ ■ x„_i) = —1. Then it is decreasing, and for any m 

'■Pn+mi.'^Oj • • • ) ■^n+m—l) Vnl-^O) • • • 5 -^71— 1 ~l~ Vmi.'^nj • • ■ ; ■^n+m—l)) 

< ^„(xo, . . . ,X„_i) . 

In particular the subsequence {^„(x)}„ of all n such that 6{xo ■ ■ ■ Xn-i) = —1 is decreasing 
with limitEl (x) . When there is no n such that 6{xo ■ ■ ■ Xn-i) = —1, we set 2/j,(x) := clxq+i- 
Similarly, the subsequence {^„(x)}„ of all n such that 6{xo ■ ■ ■ x„_i) = 1 is increasing with 
limit ?/|(x) < y[{x). When there is no n such that S{xo ■ ■ ■ Xn-i) = 1, we set yi(x) := a^Q. 
Since any ^„(x) appears in one of these sequences, there are at most two cluster points 
for {^„(x)}„. 

Let X G X\S] X = ip{ip-\x)) and by ([22]) 

X = (piioix) + Tx) = ¥?(io(a:) + ip{ip''^{Tx))) = V5(io(a;) + '^{ii{x) + T^x)) = ■ • • 
= (^(io(x) + (^(ii(x) + . . . + <^(i„-i(x) + T"x))) . (2.12) 



^ If we use the intervals /j = [aj, ftj+i), then we have only right-continuity 

^ If we use the intervals /j = [uj, flj+i), this statement is not correct. 

^ If the subsequence is finite, then yi(x) is the last point of the subsequence. 
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By monotonicity 

[x e X\S and 5(io(x) ■ ■ ■ i„_i(x)) = -l) =^ ^„(io(x), ■ ■ ■ , > x , (2.13) 
and 

(x G X\S and S{io{x) ■ ■ ■ i„_i(x)) = l) =^ lp^{io{x), ■ ■ ■ , i„-i(x)) < x . (2.14) 

The inequalities of Lemma [2^41 follow from (12.131) . (I2.14p and ^(io(x) + t) G [axQ, axg+i]. 

Suppose that the (/j-expansion is valid and that ^00(2?) = V ^ X\S. We prove that 
X = i{y). By hypothesis y E Ixq] using (I2.10p and the fact that I^o is open, we can write 

y = if{xo + ^{xi + Tp{x2 + . . .))) = Lp[xQ + Tp{xi + Tp{x2 + • . .))) . 

This implies that 

^~^{y) = io(?/) +Ty = xo + lp{xi + lp{x2 + ..•))■ 

Since Ty G X\S, we can iterate this argument. □ 

Lemma 2.5. Let x, a/ G and x ^ of . Then any cluster point o/{^„(2;)}„ is smaller 
then any cluster point of {Tp^(^)}n. In particular, ifTp^ is well-defined on A'^+ , then Tp^ 
is order-preserving. 

Proof: Let x ^ x' with Xk = x'l^, k = 0, . . . ,m — 1 and Xm 7^ x'j^- We have 

^m+n(x) = ^m{Xo, • • • , Xm-1 + '^^(fT^x)) . 

By (12. lip , if 6{xo ■ ■ ■ Xm-i) = 1, then x^ < x'^ and for any n > 1, i > 1, 

^Ja'-x) =^i(x„ + ^„_i(a-+^x)) <^,(aV) =^i(x:„+^,_i(a™+^x')); 

if 6{xo ■ ■ ■ Xm-i) = —1, then Xm > x'^ and 

^Ja'-x) =^i(x„ + ^„_i(a-+^x)) >^,(aV) = (^i(x:„+^,_i(a™+ix')). 

Therefore, in both cases, for any n > 1, ^ > 1, 

□ 

Lemma 2.6. Let x G A'^+ and xq = j . 

1) Let S{j) = 1 and y-\{x) G Ij he a cluster point of {^„(x)}. Then fj{ii^{xj) > y^{crx) 
^fy^{.x) = a.j, fj{y^ix)) < y^iax) if y^{x) = a^+i and fj{y^ix)) = y^{ax) otherwise. The 
same conclusions hold when yi{x) is a cluster point of {Tp.^{x)} . 

2) Let S{j) = —1 and ?/|(x) G Ij be a cluster point of {Tp^(x)} . Then fj[y-^{x)) < yi{(Tx) 
ify^ix) = Oj, fj{yi;ix)) > yi{ax) if y^{x) = aj+i and fj{y^ix)) = yiiax) otherwise. The 
same conclusions hold when yi{x) is a cluster point of {Tpn{x)}. 
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Proof: Set fj{Ij) := [aj,l3j]. Suppose for example that 6{j) = —1 and that rik is 
the subsequence of all m such that S{xo, . . . ,Xm) = 1- Since S{j) = —1 the sequence 
{^„^_i(crx)}fc is decreasing. Hence by continuity 

y^{x) = lim(^„^(x) = + lim (^„^,_i((tx)) = ^{j + yi{(rx)) . (2.15) 

If ?/t(x) = flj, then fj{aj) = /3j < yi{crx); if y^ {x) = aj+i, then fjiaj+i) = aj > yi{ax); if 
ttj < y-\{x) < flj+i, then 

j + fjivii^)) = 'P'^'PU + lim'^„,_i(ax))) =j + yi{(rx) . 

Similar proofs for the other cases. □ 
Lemma 2.7. Let x E A^+. 

1) If {Tp^i^x}} has two cluster points, and if y E , then y G X\S, i{y) = x 
and y has no ip- expansion. 

Let X G X\S and set x := i{x). 

2) If \im.nTp^[x) = yi{x) and if y E {y'^{x),x), then y G i{y) = x and y has no 
ip-expansion. 

3) //lim„^„(2;) = yi{x) and if y E {x,yi{x)), then y G l{y) = x and y has no 
Lp- expansion. 

Proof: Suppose that 2/|(x) <y <y<^{x). Then y G Ixq and io(y) = Xq. From Lemma [2^6] 

yi(crx) <Ty < yiiax) if S{xo) = 1 , 

and 

>Ty > yt(ax) if 6{xo) = -1 . 

Iterating this argument we prove that T"'y G Ix„ and in{y) = Xn for all n > 1. Suppose 
that y has a 9?-expansion, y = Ip^^x'). If x' -< x, then by Lemma 1^31 (x') < yi(x) and 
if X ^ x', then by Lemma [2.51 yi(x) < Tp^(x'), which leads to a contradiction. Similar 
proofs in cases 2 and 3. □ 

Lemma 2.8. Let d G and x G X\S . Then 

yi{J) < X =^ d :< i{x) and x < y]{J) =^ 1(2;) ^ x . 



Proof: Suppose that 2/|(x') < x and ?/j,(x') is a cluster point. Either x'q < io{x) or 
x'q = io{x) and by Lemma [22] 

yi{(^^') < Tx if 5{x'q) = 1, 



or 

yi((Tx') > Tx if S{x'q) = —1. 

Since yj(crx') or y^{ax') is a cluster point we can repeat the argument and conclude that 
x' ^ If yi{x') is not a cluster point, then we use the cluster point y^(x') < yi{x') 

for the argument. □ 
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Theorem 2.1. [P2J A tp-expansion is valid if and only if the ip-code i is injective on 
X\S. 

Proof: Suppose that the (/9-expansion is vahd. U x ^ z, then 

X = ^(io(a:) + ^{ii{x) + ...)) 7^ ^(io(^) + ^(ii(^) + •••)) = 

and therefore i{x) ^ Conversely, assume that x ^ z imphes i(x) ^ Let 

X G X\S, X = and suppose for example that y-\(x) < yi{x) are two cluster points. 
Then by Lemma 12.71 any y such that ?/|(x) < y < ?/;(x) is in X\S and i{y) = x, 
contradicting the hypothesis. Therefore z := lim„^„(x) exists. If 2; 7^ a; , then we get 
again a contradiction using Lemma [2. 7[ □ 

Theorem 12 . 1 1 states that the validity of the (y^-expansion is equivalent to the injectivity 
of the map i defined on X\S. One can also state that the validity of the (^-expansion is 
equivalent to the surjectivity of the map Tp^. 

Theorem 2.2. A ip-expansion is valid if and only ifTp^ : [0, 1] is well-defined on 

and surjective. 

Proof: Suppose that the (/^-expansion is valid. Let x G and suppose that {^„(x)}„ 
has two different accumulation points y^ < yi- By Lemma 12.71 we get a contradiction. 
Thus (x) is well-defined for any x G . 

To prove the surjectivity of it is sufficient to consider s E S. The argument is a 
variant of the proof of Lemma 12.71 Let x' be a string such that for any n > 1 

fx'„_,o---ofx'o{s) G 7^.^ . 

We use here the extension of fj to Ij; we have a choice for x'^ whenever fx'^_^o - ■ ■ 0/3,^^(5) G 
5*0. Suppose that ^^^(x') < s and that ^^(x') < z < s. Since s,Tp^[^) G J^;^, we have 
z G Ix'^ and therefore i(z) = x'q. Moreover, 

^^{ax!)<Tz<f,.^{s) if5K) = l 

or 

/.,(s)<T2<^^(ax') if5(x[,) = -l. 

Iterating the argument we get z G X\S and ±{z) = x', contradicting the validity of 
the (/?-expansion. Similarly we exclude the possibility that ^^^^(x') > s, thus proving the 
surjectivity of the map Tp^. 

Suppose that • ^'^'^ [0) M is well-defined and surjective. Let x G X\S and 
X = i{x). Suppose that x < Tp^(x). By Lemma 12171 any z, such that x < z < Tp^('x), 
does not have a (/9-expansion. This contradicts the hypothesis that Tp^ is surjective. 
Similarly we exclude the possibility that x > Tp^ix). □ 

Theorem 2.3. A Lp-expansion is valid if and only ifTp^ : [0,1] is well-defined, 

continuous and there exist x^ with Tp^[x^) = 1 and x" with Tp^{x~) = 0. 
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Proof: Suppose that the (y9-expansion is vahd. By Theorem 12.21 Tp^ is well-defined and 
surjective so that there exist x+ and x^ with ^^(x+) = 1 and ^^^(x^) = 0. Suppose that 
x"- I X and set y := Tp^^x), x„ := ^^^^(x"). By Lemma [231 the sequence {x„} is monotone 
decreasing; let x := lim„x„. Suppose that y < x and y < z < x. Since y < z < Xn for 
any n > 1 and lim„ x" = x, we prove, as in the beginning of the proof of Lemma I^TTl that 
z G X\S. The validity of the (^-expansion implies that z = Tp^{i{z)). By Lemma [23] 

X ^ i(^) ^ x" . 

Since these inequalities are valid for any z, with y < z < x, the validity of </?-expansion 
implies that we have strict inequalities, x -< i{z) -< x". This contradicts the hypothesis 
that lim„^oo x" = x. A similar argument holds in the case x" f x. Hence 



lim x^' 



X 



lim y?. 



X 



Conversely, suppose that ip^ : 
given 6 > and x G A'^+ , 3n so that 



[0,1] is well-defined and continuous. Then, 
0, . . . , n - 1} - inf{^^(x') : x'j = Xj j = 0, . . . ,n - 1} < S . 



< sup{¥7^(x') : x'j = Xj j 
We set 

x"'^ := Xq - ■ ■ Xn-ix~ and x"'^ := xq - ■ ■ Xn-ix"* 
For any x G X\S we have the identity (12.121) . 

X = p>{io{x) + p>{ii{x) + ... + ip{in-i + T"a;))) = Tp,^{io{x) 



i„_i(x) + r"x) 



If 6{io{x) ■ ■ ■ i„_i(x)) = 1, then 



, in-l{x) + lp^{x-)) 

, in-i(a^)) 

,ir,.i{x) + n) 

, + 1) 

, in-i{x) +^^(x+)) =: 



If S{io{x) ■ ■ ■ in-i{x)) = —1, then the inequalities are reversed. Letting n going to infinity, 

we get Tp^{i{x)) = x. □ 

Remark 2.1. When the maps fo and fk-i are increasing, then we can take 

= (A; — 1, A; — 1, . . .) and x" = (0, 0, . . .) . 

Theorem 2.4. [P2] A necessary and sufficient condition for a tp-expansion to be valid is 
that S is dense in [0, 1]. A sufficient condition is sup^ < 1. 



For each j G A we define (the limits are taken with x G X\S) 



iJ ■- 



limi(a;) and y-' := lim i(a;) 



(2.16) 



The strings u-' and y^ are called virtual itineraries. Notice that ]P -< yP^^ since < Mq^^. 

rf'n:! — rrf^lWyy^ — W-m rr''i{^\ — ]\m t(T^^\ (^X ^ X\S) . (2.17) 



a'^W = cr (lim 1(2;)) = lima i(x) = limi(T x) 

xiaj xiaj xiaj 
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Proposition 2.1. Suppose that 3! G A'^+ verifies if" -< a'^sf -< if" for all n > 0. Then 
there exists x G X\S such that i{x) = 3/. 

Notice that we do not assume that the 99-expansion is valid or that the map ip^ is 
well-defined. For unimodal maps see e.g. Theorem II. 3. 8 in |CoEj . Our proof is different. 

Proof: If 2/|(x') < ?/j,(x') are two cluster points, then this follows from Lemma 12. 7[ 
Therefore, assume that lim„^„(x') exists. Either there exists m > 1 so that y^{a"^x') < 
yi{a"^x') are two cluster points, or lim„^„((T'"x') exists for all m > 1. 

In the first case, there exists Zm G X\S, 

2/1 (a"x') < Zm< ?/i(a™x') and i{zm) = cr'^z' ■ 

Let 

We show that a^./ < z^-i < a^' This implies that Zm G mt{domLp) so that 

'■P (^m— 1) 1 ~^ T Zm—1 -\- Z^n . 

Suppose that 6{x'^_^ = 1 and ax'^__^ = Zm-i- Then for any y G X\S, y > cLx'^_^, we 
have Ty > z^. Therefore, by Lemma [2721 i{Ty) ^ i(^m) = c^x'; io{y) = "^'m-x when y 
is close to a^' , so that 

lim = y ct"''^x' , 

m— 1 

which is a contradiction. Similarly we exclude the cases 5{x'^_]) = 1 and a^/^_^+i = Zm-i, 
= —1 and dx'^^-^ = -2m-i) S{x'^_i) = —1 and ax'^__^+i = Zm-i- Iterating this 
argument we get the existence of zq G X\S with 1(2:0) = x'. 

In the second case, lim„^„(o"™x') exists for all m > 1. Let x := lim„^„(x'). Suppose 
that Xq = j, so that u-^ -< x' ^ y-'. By Lemma [2.21 and definition of u-^ and y-^ there exist 
Zi,Z2 G Ij such that 

Zi < X < Z2 and u^' ^ ^ x' ^ 1(^2) ^ Y"' ■ 

Therefore aj < x < flj+i, io{x) = Xq and Tx = '(p^{ax') (Lemma 12. 6p . Iterating this 
argument we get x' = i{x). □ 

Theorem 2.5. Suppose that the ip-expansion is valid. Then 

1. S := {i(x) G : x G X\S] = {x G : if" ^ a^x ^ # " Vn > 0}. 

2. The map i : X\S ^ T, is bijective, '^00°^ = id ^'^'^ ^°Voo = id. 

maj>s i anc? if^ are order-preserving . 

3. o-(S) = S andTp^{ax) = TTp^{x) if x E S. 

If X E A'^+\S, t/ien t/iere exzsi m G Z+ and j G A snc/i t/iat Tp^[a"^x) = aj. 
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5. Vn > , Vj G A : ti"" ^ a'^yP -< v"" z/ ■ ■ ■ = 1 and if^'^ -< a"?/-' ^ v''" z/ 

6. \/n > , "^j e A: ^ cr"i/ -< z/ ■ ■ ■ = —1 and -< ^ v"" if 

Proof: Let x G X\5'. Clearly, by monotonicity, 

yifeW ^ a''i{x) ^ y^'^^^) V A; G Z+ . 

Suppose that there exist x G X\S and A; such that cr'^i(x) = y^*:*^^). Since (cr^ i(x))o = 
iqIT^x), we can assume, without restricting the generality, that k = and io(a^) = j- 
Therefore x G {aj, aj+i), and for all y G X\S, such that x < y < a^+i, we have by Lemma 
12.21 that i{y) = i{x) = v-' ■ By Theorem 12.11 this contradicts the hypothesis that the f- 
expansion is valid. The other case, cr'^'i(x) = u^''*^^'', is treated similarly. This proves half 
of the first statement. The second half is a consequence of Proposition 12. 1[ The second 
statement also follows, as well as the third, since T{X\S) = X\S (we assume that (12.1 p 
holds). 

Let X G k^+\E and m G Z+ be the smallest integer such that one of the conditions 
defining E is not verified. Then either cr™'x ^ n^™, or (j™x >z w^". The map Tp^ is 
continuous (Theorem 12.31) . Hence, for any j G A, 

'^oo(u-') = % and ^oo(v-') = aj+i . 
Let cr"'x ^ m^". Since y^™~i -< cr^x, 

a.m = ^oo(y"™-') < '^ool^^x) < ^«,(u"™) = a,^ . 

The other case is treated in the same way. From definition (I2.16P u"" ^ a^n^ ^ y'"". 
Suppose that 5(uo ■ ■ ■ u{_i) = 1 and a^u^ = y"". By continuity of the ip-code there exists 
X G X\S such that a; > aj and iA:(a;) = u-^, k = 0,...,n. Let aj < y < x. Since 
5(uq ■ ■ ■u:^_i) = 1, T'^y < T"x and consequently 

lim i(T"y) = (t"u-'' ^ i(T"s) ^ y"" . 
Hence f7"'i(x) = y^", which is a contradiction. The other cases are treated similarly. □ 



2.3 Dynamical system /5a: + a mod 1 

We consider the family of dynamical systems f3x + a mod 1 with (3 > 1 and < a < 1. 
For given a and j3, the dynamical system is described hj k = \a + f3~\ intervals Ij and 
maps fj, 

^o=(0,-^j,/,= (-^,^^j,, = l,...,fc-2,4_,= (^^,l 
and 

fj{x) = f3x + a- j , j = 0,...k-l. 
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The maps Tj^,/?, y^"'^ and ^9°''^ are defined as in subsection 12 .11 

{0 if < X < a 

P~\x-a) ifa<x<a + P 
1 if a + P < X < \a + (3] 

and 

So = {aj: j = l,...,k-l}U{0,l} witli aj := - a) . (2.18) 

Since all maps are increasing the total order on is the lexicographic order. We have 
2k virtual orbits, but only two of them are important. Indeed, if we set 

U"'^:=U° and v"'^ := v'=~\ 

then 

= jn'^'^ J = l,...k-l 

and 

Proposition 2.2. Let (3 > 1 and < a < 1. The (f -expansion for the dynamical system 
fix + a mod 1 is valid. 

S"'^ := {l{x) ek^+:xe X\S] = {x G : n"'^ -< -< v"''^ Vn > O} . 

Moreover 

y»,P ^ a^tx"'^ -< tf'^ and ^ ct"i;"'^ ^ i;"'^ Vn > . 

The closure of S"''^ is the shift space 

S(u"'^,v"'^) := {x G : u"'^ ^ a"x ^ v"'^ Vri > O} . (2.19) 
We define the orbits of 0, resp. 1 as, (the limits are taken with x G X\S) 

Ti^(0):=limTi^(x),fc>0 resp. ri^(l) := limT^^(x) , > . 



From (12.161) and (12.171) the coding of these orbits is u""'^, resp. v 



a,l3 



aV''^ = limi(T^.(a;)) and aV''^ = lim i(T^ .(x)) . (2.20) 

Notice that r^,^(0) < 1 and r^,^(l) > for all k>0. 

The virtual itineraries u = u"'^ and v = v""'^ of the dynamical system f3x-\- a mod 1 
verify the conditions 

U^a"u^y Vn>0 and u ^ fx^v ^ y Vn>0. (2.21) 

By Theorem 12. 3 [ (12.201) and Theorem 12.51 we have (x G X\S) 

rJicr'n) = lim^^(i(Ti,(x)) = limTi,(x) = r„%(0) (2.22) 

xlO xlO 

rJi^'y) = lim^^(i(T„%(x)) = limTi,(x) ^ T^.il) . (2.23) 

x]l xjl 



Computation of topological entropy 



14 



Hence u and y verify the equation^ 

Tp^J{n)=0,Jp^Jian) = a and jp'^J (v) = I , jp'^J (av) = ^ , (2.24) 

with 

^■-a + p-k + le{0,l]. (2.25) 

The strings u"''^ and y"''^ are (/^-expansions of and 1. Because of the presence of disconti- 
nuities for the transformation T^^^ at ai, . . . a^-i, there are other strings u, y which verify 
02.211) and (12.241) . and which are also (^-expansions of and 1. For latter purposes we 
need to decribe these strings; this is the content of Proposition 12. 3[ Proposition 12.41 and 
Proposition 12. 5[ We also take into consideration the borderline cases a = 1 and 7 = 0. 
When a = 1 or 7 = the dynamical system Ta^p is defined using formula (12. 7p . The 
orbits of and 1 are defined as before. For example, if a = 1 it is the same dynamical 
system as To,/3, but with different symbols for the coding of the orbits. The orbit of is 
coded by u^'^ = (1)°°, that is u]'^ = 1 for all j > 0. Similarly, if 7 = the orbit of 1 is 
coded by y°'^ = {k — 2)°°. We always assume that a G [0, 1], 7 G [0, 1] and P > I. 

Lemma 2.9. The equation 

y = ^'^{x, + t), ?/G [0,1] 

can he solved uniquely if y ^ Sq, and its solution is Xk = io(?/) <ind t = Ta^p{y) G (0, 1). 
If y < y' , then the solutions of the equations 

y = ip"'^{xk + t) and = ^"'/^(x'^ + t') 

are such that either Xk = x'^^ and Ta^p{y') — Ta^p^y) = Piy' — y), or Xk < x'^. 

Proof: The proof is elementary. It suffices to notice that 

y^So ^ 2/ = (^°'^(xfc + t). 

The second statement follows by monotonicity. □ 

Proposition 2.3. Let < cx < 1 and assume that the tp-expansion is valid. The following 
assertions are equivalent. 

1) There is a unique solution (u= u'^'^) of the equations 

if''J{u)=0 and ^^^(an) = a. (2.26) 

2) The orbit of is not periodic or x = is a fixed point of Ta^p. 

3) uP"'^ is not periodic or u"'^ = Q, where is the string x with Xj = Vj > 0. 

Proposition 2.4. Let < 7 < 1 and assume that the -expansion is valid. The following 
assertions are equivalent. 

1) There is a unique solution (v = if'^ ) of the equations 

TrJ{v) = l and lp-J(av)=^. (2.27) 

2) The orbit of 1 is not periodic or x = 1 is a fixed point of T^^p. 

3) if'^ is not periodic or if'^ = (k — 1)°°. 

the (yj-expansion is not valid, which happens when (3=1 and a S Q, then (|2.22|) and (|2.23p are 
not necessarily true, as simple examples show. Hence u"''' and y"''' do not necessarily verify (|2.24p . 
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Proof: We prove Proposition 12.31 Assume 1. The validity of the (^-expansion imphes 
that u"'^ is a solution of (12:261) . If a = 0, then u°'^ = Q is the only solution of (IX26|) 
since x 7^ implies '(^^{x) > and x = is a fixed point of Tq,/?. Let < a < 1. Using 
Lemma [23] we deduce that Uq = and 

l{a = aj,j = l,...,k — 1 (see (]2.18p ). then ( 12.26^ has at least two solutions, which are 
OjV^u"'^) with ^^^(cT^u"'^) = T2(0) = (see (^Tm ). and 0{j - l)y°''3 with ^:^^(y"'^) = 
1. Therefore, by our hypothesis we have a {ai, . . . , ak-i}, Wi = u'^'^ and ^^^(cr^u"'^) = 
r^(0) e (0, 1). Iterating this argument we conclude that 1 =^ 2. 

Assume 2. If x = is a fixed point, then a = and u*^'^ = Q- If the orbit of is not 
periodic, fl2.20p and the validity of the (y?-expansion imply 

a'^u"'^ = limi(T%(x)) >- limi(x) = u°'^ . 



Assume 3. From (I2.22p and the validity of the y9-expansion we get 

rJicr'W^'^) = ri^(O) > ^^^^(u"'^) = , 

so that the orbit of is not periodic. The orbit of is not periodic if and only if 
T^^(O) ^ {tti, . . . ,ak-i} for all A; > 1. Using Lemma [2^9] we conclude that (12.261) has a 
unique solution. □ 

Propositions 12.31 and 12.41 give necessary and sufficient conditions for the existence and 
uniqueness of the solution of equations (12.241) . In the following discussion we consider 
the case when there are several solutions. The main results are summarize in Proposition 
12. 5[ We assume the validity of the yj-expansion. 

Suppose first that the orbit of 1 is not periodic and that the orbit of is periodic, 
with minimal period p := mm{k : T'^(O) = 0} > 1. Hence < 7 < 1 and < a < 1. Let 
u be a solution of equations (12.261) and suppose furthermore that w is a y9-expansion of 
1 such that 

Vn : u ^ a"u ^ w with ^^^(w) = 1 , ^'^'^{aw) < 7 . 
By Lemma 12.91 we conclude that 



Uj = u- 



if^ and T^y(0)=^^'3(a^+iu), j = l,...,p-2. 
Since T'^ifi) = 0, Tp~^(0) G {ai, . . . , ttk-i} and the equation 

has two solutions. Either Up^i = u^'f^ and Tp^{a^'n) = or Up-i = u^,'fi — 1 and 
^^^((J^u) = 1. Let a be the prefix of u"'^ of length p and a' the word of length p obtained 
by changing the last letter of a intclfl u^fi — 1. We have a' < a. If Up^i = u^f-^^, then we 
can again determine uniquely the next p — 1 letters Ui. The condition u < cr^U for k = p 
implies that we have U2p-i = u^fi so that, by iteration, we get the solution u = u"'^ for 
the equations (I2.26p . If Up-i = u^'f^ — 1, then 



^u^-i > 1- = if and only if p = 1 and a — 0. 
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When (/9^^(cr^u) = 1, by our hypothesis on u we also have ip"^^ {a'^~^^u) = 7. By Proposi- 
tion 12.41 the equations 

rJ{aPn) = l and ^^^K+^u) = 7 

have a unique solution, since we assume that the orbit of 1 is not periodic. The solution 
is cr^u = y""'^, so that u = a'y""'^ -< u"'^ is also a solution of fl2.26p . In that case there 
is no other solution for (12.261) . The borderline case a = 1 corresponds to the periodic 
orbit of the fixed point 0, u^'^ = (1)°°. Notice that Tp^[au^'^) 7^ 1. We can also consider 
^^'^-expansions of with uq = and 'i^]£{au) = 1. Our hypothesis on u imply that 
lpl£{a^u) = 7. Hence, u = Ov^'^ = a'y"'^ -< u"'^ is a solution of (KM and a Tp^J^- 
expansion of 0. 

We can treat similarly the case when u"''^ is not periodic, but v"'^ is periodic. When 
both u"'^ and y"'^ are periodic we have more solutions, but the discussion is similar. 
Assume that u"'^ has (minimal) period p > 1 and y"'^ has (minimal) period q > 1. 
Define a, a' as before, b as the prefix of length q of y"'^, and b' as the word of length q 
obtained by changing the last letter of b into v'^f^ + 1. When < a < 1 and < 7 < 1, 
one shows as above that the elements u 7^ u""'^ and y 7^ y"'^ which are ^"'^-expansions 
of and 1 are of the form 

u = aVib'a"'--- , >0 and y = ba'^^ab™' ■ ■ ■ , > . 

The integers rii and rrii must be such that (I2.2ip is verified. The largest solution of (I2.26P 
is u"''^ and the smallest one is a'y"'^- 

Proposition 2.5. Assume that the f -expansion is valid. 

1) Let u he a solution of ( I2.26p . such that u ^ a^'u for all n>l, and let v he a solution 
of (I2.27p . such that a"'v ^ v for all n > 1. Then 

u ^ n"''^ and ^ V . 

2) Let u he a solution of (I2.26p . and let u"'^ = (a)°° he periodic with minimal period 
p > 1, and suppose that there exists w such that 

Wn: u^ a'^u ^ w with Tp'^'^{w) = 1 , Tp'^'^{aw) < 7 • 

Then 

■if''^ where := a'#'^ and a' := (pa)(ap_i - 1) . (2.28) 

Moreover, u= U^'^ <^=^ a is a prefix of u <^=^ Tp'^i^a'^u) < 1- 

3) Let V he a solution of (I2.27p . and let iP'^ = {b)°° he periodic with minimal period 
q > I, and suppose that there exists w such that 

Vn : w^a^'v^v with Tp'^^iw) = , Tp'^^iaw) > a . 

Then 

1;"'^ ^ 1; ^ w^'^ where v':'^ := b'u'"'^ and b' := {■pb){bq^i + 1) . (2.29) 
Moreover, v= if'^ <^==^ h is a prefix of v <^=^ Tp'^^{a''v) > 0. 
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3 Shift space S)(u, y) 

Let u e and v G A^+, such that Uo = 0, Vq = k - 1 {k > 2) and (^^H) holds. 
These assumptions are vahd for the whole section, except subsection 13.21 We study the 
shift-space 

S(u,y) := {x G : U ^ a"x ^ V Vn>0}. (3.1) 

It is useful to extend the relation -< to words or to words and strings. We do it only in 
the following case. Let a and b be words (or strings). Then 

a-<b iff3cGA*,3A;>0 such that a = cak ■ ■ ■ , b = cbk ■ ■ ■ and at <hk. 

If a ^ b then neither a is a prefix of b, nor b is a prefix of a. 

In subsection 13.11 we introduce one of the main tool for studying the shift-space 
S(u, v), the follower-set graph. In subsection 13.21 we give an algorithm which assigns to a 
pair of strings (u, y) a pair of real numbers (a,/?) G [0, 1] x [1, oo). Finally in subsection 
13.31 we compute the topological entropy of the shift space (u, y). 

3.1 Follower-set graph ^(u, y) 

We associate to S(u,y) a graph ^(u, y), called the follower-set graph (see |LiM] ). as well 
as an equivalent graph ^(u, y). The graph ^(u,y) has been systematically studied by 
Hofbauer in his works about piecewise monotone one-dimensional dynamical systems; 
see |Hol] . |Ho2j and |Ho3] in the context of this paper, as well as |Ke] and [Br Br] . Our 
presentation differs from that of Hofbauer, but several proofs are directly inspired by 
[Ifo2] and ^Ho3j . 

We denote by £(u, y) the language of S(u,y), that is the set of words, which are 
factors of X G S(u, y) (including the empty word e). Since crS(u, v) C S(u,y), the 
language is also the set of prefixes of the strings x G S(u, v). To simplify the notations 
we set in this subsection S := S(u, y), C := £(u,y), Q := ^(u, y). 

Let Cu be the set of words w G £ such that 

{w' : w' 7^ e, w' is a prefix of u 
wqw' '■ Wo 7^ uq, w' is a prefix of u, possibly e. 

Similarly we introduce C^, as the set of words w G £ such that 

{w' : w' 7^ e, w' is a prefix of v 
Wqw' : 7^ t'o, w' is a prefix of y, possibly e. 

Definition 3.1. Let w & C. The longest sujfix of w, which is a prefix of v, is denoted by 
v{w). The longest suffix of w, which is a prefix of u, is denoted by u{w). The it-parsing 
of vy is the following decomposition of w into w = g^ ■ ■ ■ g^ with g^ G C^- The first word 
g^ is the longest prefix of w belonging to Cu- If w = g^wl and wl e, then the next word 
g^ is the longest prefix of nf belonging to Cu and so on. 

The v-parsing of w is the analogous decomposition of w into w = b^ ■ ■ - if with V G C^. 
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Lemma 3.1. Let wc and cnl he prefixes of u (respectively of v). If wcuf G C, then wcuf 
is a prefix of u (respectively of v). Let w & C. If a" ■ ■ ■ is the u-parsing of w, then only 
the first word a} can be a prefix of u, otherwise u{g?) = sgP . Moreover u{gl') = u{w)- 
Analogous properties hold for the v-parsing of w. 

Proof: Suppose that wc and cw' are prefixes of u. Then w is a prefix of u. Assume that 
wcw' G £ is not a prefix of u. Then u -< wcw'. Since w is a prefix of u, a'^'u -< cw'. This 
contradicts the fact that cw' is a prefix of u- By applying this result with c = e we get 
the result that only the first word in the w-parsing of w can be a prefix of u- Suppose 
that the ti-parsing of w is a^ ■ ■ ■ a'^. Let k >2 and assume that u{w) is not a suffix of af' 
(the case A; = 1 is obvious). Since a!' is not a prefix of u, u{w) has a*^ as a proper suffix. 
By the first part of the lemma this contradicts the maximality property of the words in 
the tf-parsing. □ 

Lemma 3.2. Let w ^ C Let p = \u{w)\ and q = \v{w)\- Then 

{x ^ H : w is a prefix of x] = {x E : x= wy , y G S , a^u :< y ^ cr'^v^ . 

Moreover, 

{|/ G S : ^1/ G S} = {|/ G S : u{w)y G S} if p > q 
{y e T,: wy e T.} = {y e T,: v{w)y e Yl} ifq>p. 

Proof: Suppose that x G S and w, |w| = n, is a prefix of x. Let n > 1 (the case n = 
is trivial). We can write x = wy. Since x G S, 

u^a^+"x^v V£>0, 

so that y G S. We have 

U ^ (7"^^x = ■u(w)y . 

Since tt(w) is a prefix of u of length p, we get a'^n ^ y. Similarly we prove that y ^ a^y. 

Suppose that x = wy, y G E and a^n ^ y ^ cr^y. To prove that x G E, it is sufficient 
to prove that u ^ a"^x ^ y for m = 0, . . . , n — 1. We prove u ^ cr'^x for m = 0, . . . , n — 1. 
The other case is similar. Let w = a^ ■ ■ ■ a^ be the w-parsing of w, |w| = n and p = \u{w)\. 
We have 

f ^ y =^ n ^ u ^ u{w)j \fj = 0,...,p. 

If a^ is not a prefix of u, then p = n — 1 and we also have u ^ a^j- If is a prefix of 
U, then p = n (and i = 1). This proves the result for i = 1. Let £ > 2. Then a^ is 
not a prefix of u and a^^^a^ G C. Suppose that a^~^ is not a prefix of u- In that case 
U ^ a^~^a^y and we want to prove that u ^ ^^^"^a^y for j = 1, . . . , la^""*^]. We know that 
aa^"^ is a prefix of u, and by maximality of the words in the u-parsing and Lemma [3.11 
u -< cTa^~^a^; hence u -< o"a^~^a^y. Therefore 

U ^ a^n ^ a^a^-\^j Vj = 0, . . . , |a^-^| . 

Similar proof if ^ = 2 and cL IS cl prefix of u. Iterating this argument we prove that 
u ^ cr'^x for m = 0, . . . , n — 1. 
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Suppose that |'u(w)| > |f(w)| and set a = 'u(w). We prove that f(a) = f(w). By 
definition v(w) is the longest suffix of w which is a prefix of v; it is also a suffix of a, 
whence it is also the longest suffix of a which is a prefix of v. Therefore, from the first 
part of the lemma we get 

{y G S : wy G S} = {y G S : u{w)y G S} . 

□ 

Definition 3.2. Let w E C The follower-selI§ of w is the set 

J^^:= {|/G S: wyG S}. 

Lemma IX^ gives the important results that JF^ = .^^(w) if |''^(w)| > k(w)|, and 
= ^t,(w) if k(w)| > \u{w)\. Moreover, 

JF„ = |y G S : a^u ^ y ^ a^y} where p = \u(w)\ and q = |t'(w)|. (3.2) 

We can define an equivalence relation between words of C, 

w ~ w' <^=^ JF^ = ^w' ■ 

The collection of follower-sets is entirely determined by the strings u and y. Moreover, 
the strings u and y are eventually periodic if and only if this collection is finite. Notice 
that S = JF^ = JF^ when p = q = 0. 

Definition 3.3. The follower-set graph Q is the labeled graph whose set of vertices is the 
collection of all follower-sets. Let C and C be two vertices. There is an edge, labeled 
by a E k, from C to C if and only if there exists w E C so that wa E C, C = and 
C = T^a- is called the root of Q . 

The following properties of Q are immediate. From any vertex there is at least one 
out-going edge and at most |A|. If A = {0, 1, . . . , A; — 1} and /c > 3, then for each 
j E {1, . . . , — 2} there is an edge labeled by j from JF^ to JF^. The out-going edges from 
JF^ are labeled by the first letters of the strings y G JF^. The follower-set graph Q is 
right-resolving. Given w G £, there is a unique path labeled by w from JF^ to JF^. 

Lemma 3.3. Let a be a u-prefix and suppose that b = v{a). Let p = \a\ and q = \b\ so 
that J-'g = {y E : a'^u :< y ^ a^w}. Then there are more than one out-going edges from 
To, if and only if Up < Vg. 

Assume that Up < Vq. Then there is an edge labeled by Vq from Tg to J^bvq, an edge 
labeled by Up from Tg to Tgu^ and v{aupc) = v{c). If there exists Up < i < Vq, there is an 
edge labeled by £ from Tg to T^. Moreover, there are at least two out-going edges from 
Tb, one labeled by Vq to Tbvq and one labeled by i' = u\u{b)\+i < Vq to Tu{b)e ■ Furthermore 
u{bvqc) = u{c). 

^Usually the follower-set is defined as = {y G >C : wy G £} . Since £ is a dynamical language, i.e. 
for each w G £ there exists a letter e G A such that we G C, the two definitions agree. 
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Proof: The first part of the lemma is immediate. Suppose that there is only one out- 
going edge from JF^, that is from JF^ to J^hv^- This happens if and only if u(h)vq is a 
prefix of u. By Lemma [3. II we conclude that prefix of u, which is a contradiction. 

Therefore u(hvq) = e; hence u(hvqc) = u{c). □ 

Lemma 3.4. Let b be a v-prefix and suppose that a = u{b). Let p = \g\ and q = \b\ so 
that J-'b = {y Ti : a'^u :< y ^ cr'^w}. Then there are more than one out-going edges from 
Tb if and only if Up < Vq. 

Assume that Up < Vq. Then there is an edge labeled by Up from J^b to Taup, an edge 
labeled by Vq from J^b to J-'bvq and u{bvqc) = u{c). If there exists Up < i < Vq, there is an 
edge labeled by £ from J-'b to T^. Moreover, there are at least two out-going edges from 
Ta, one labeled by Up to J-'au^ and one labeled by i' = fii,(a)|+i > Up to J-'v{a)e ■ Furthermore 
v{gUpc) = v{c) . 

Scholium 3.1. The picture below illustrates the main properties of the graph Q . The 
vertices of the graph are labeled by prefixes of u and v. The above line represents a prefix 
of the string u which is written we" , and the bottom line a prefix of the string v, which 
is written be' . Here u{b) = a, v{w) = b and we assume that e" -< e' . Therefore, there 
is an edge labeled by e' from Tw to Tbe' and there is an edge labeled by e from Tb to Toe 
with e -< e'. Moreover, we also have e < e" . Only these two labeled edges are drawn in 
the picture. 




We introduce a variant of the follower-set graph denoted below by ^(u,y) or simply 
by Q. We introduce a vertex for each (nontrivial) prefix a of u and for each (nontrivial) 
prefix of b of y. We add the vertex JF^. Here we do not use the equivalence relation ~. 
The root is denoted by [0, 0]; let a be a prefix of u and let p = \a\, q = \v{a)\. Then this 
vertex is denoted by [p, g]. Notice that p > q. Similarly, let b be a prefix of y and let 
p = |'u(b)|, q = |b|. Then the corresponding vertex is denoted by [p, q]. Notice that p < q. 
The upper branch of Q is the set of all vertices [p,q] with p > q and the lower branch of 
Q is the set of all vertices [p, q] with p < q. There is a single out-going edge from [p, q] 
if and only if Up = Vq. In that case the edge is labeled by Up (or Vq) and goes from [p, q\ 
to [p + 1, g + 1]. Otherwise there are several out-going edges. If Up < Vq there is an edge 
labeled by Up from [p, q] to -|- 1, 0], an edge labeled by Vq from [p, q] to [0, g -|- 1], and if 
Up < j < Vq then there is an edge labeled by j from [p, q] to [0, 0]. We define the level of 
the vertex [p,q] of Q as i{[p,q]) := max{p,q}. 

Definition 3.4. Let H be a shift-space and L its language. We denote by Ln the set of 
all words of C of length n. The entropy of S is 

:= lim — log2 card(£„) . 
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The number /i(S) is also equal to the topological entropy of the dynamical system 
(S,cr) [LiM] ■ In our case we can give an equivalent definition using the graph Q or the 
graph Q. We set 

i{n) := card{n-paths in Q starting at the root JF^} . 

Since the graph is right-resolving and for any w E Cn there is a unique path labeled by 
w, starting at the root [0,0], so that h{Tj) = h{Q) where 

h{Q) = lim —log2£{n). 

n^oo n 

Let K e'N and Qk be the sub-graph of Q whose set of vertices is the set of all vertices 
of Q of levels smaller or equal to K. The following result is Proposition 9.3.15 in [BrBr] . 

Proposition 3.1. Given e > there exists a K{e) < oo such that for any K > K{e), 

KGk) < HG) < hiGK) + e . 

Corollary 3.1. Let {u,v) be a pair of strings of verifying (12.211) . Given e: > 
there exists N^e) such that if (u^if) is a pair of strings verifying f l2.2ip . u and u! have a 
common prefix of length larger N{e) and v and have a common prefix of length larger 
than N{e), then 

\h{J:{u',iI)) - <e. 
3.2 The algorithm for finding {a,/3) 

We describe an algorithm, which assigns to a pair of strings (u,y), such that uq = and 
fo = A; — 1, a pair of real numbers [a, (3) G [0, 1] x [1, oo). We assume tacitly that for the 
pair (a, {3) one has a G [0, 1], /9 < A;, and that the map ^"'^ verifies 

0<^"'^(t)<l Vte(l,fc-1). 

In particular (3 >k ~2. When k = 2 we assume that (3 > 1. Recall that 

j = a + P — k + 1, 

and notice that our assumptions imply that < 7 < 1. 

Definition 3.5. The map Tp"'^ dominates the map if and only ifTp'^'^{t) > Tp'^''^' (t) 

for all t G [0, k] and there exists s G [0, A;] such that Tp'^'^^s) > TfP" (s). 
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Lemma 3.5. Ifif"''^ dominates Tp"''^' , then, for all xe , Tp'i^^{x) > Tp'^'l^'^x). If 

0<^^^(ff)<l or <^^'^'(2;) < 1, 
then the inequality is strict. 

Proof: If Tp^'^ dominates lp°'''^\ then by our implicit assumptions we get by inspection 
of the graphs that 

yt>t': Tp'^'^it) > 7p''''f^'{t') if t, t' e (a, a' + /?') = (a, a + /?) U (a', a' + /?') , 
otherwise > ^"''^'(t')- Therefore, for all n > 1, 

Suppose that < ^^^(x) < 1. Then xq + l^^{cr£) e (a, a + (3) and 

Similar proof for < ^^'^'(x) < 1. □ 
Lemma 3.6. Let a ^ a' e [0, 1] and I < (3 < (3' . Then, for x e A^+, 

o<rJ{x)-rJ'{x)<\^. 

Let 7 = Y e [0, 1], < a' < a < 1 and (3' > 1. Then, for x e , 

The map (3 ^ Ip^fisc) is continuous at (3 — 1. 

Proof: Let a ^ a' e [0, 1] and 1 < /3 < f3'. For t, t' e [0, k], 

(The maximum of \Tp'^'^'{t) - <^"''^{t)\ is taken at a + (3). By induction 

n 

\^'^'{xo, - ip'^'^ixo, | < \(3 - (3'\ J^W')-' ■ 

Since /3' > 1 the sum is convergent. This proves the first statement. The second statement 
is proved similarly using 

\ip<p'it') - < ir'^^'it') - r'''{t)\ + \r''''it) - rmi < ^ + 

which is valid for 7 = 7' e [0, 1] and < a' < a < 1. We prove the last statement. Given 
£ > there exists n* 

Wn*^(x) >^^^(x) -£. 
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Since (3 (x) is continuous, there exists (3' so that for 1 < /? < f3', 

Hence 

^^i(x)-2e<^Si^(x)<^Sii(x). 

□ 

Corollary 3.2. Given x and < a* < 1, let 

ga'{l)-=V^'^^''\x) with (3{^):=^-a* + k-l. 

For k > 3 the map g^* is continuous and non-increasing on [0, 1]. If < ga*{lo) < 1? 
then the map is strictly decreasing in a neighborhood 0/70. If k = 2 then the same 
statements hold on [a* , 1]. 

Corollary 3.3. Given x and < 7* < 1, let 

h^, (a) := (x) with (3{a) := 7* - a + A; - 1 . 

For k > 3 the map is continuous and non-increasing on [0,1]. If < h^*{ao) < 1, 
then the map is strictly decreasing in a neighborhood of a^. If k = 2 then the same 
statements hold on [0,7*). 

Proposition 3.2. Let k > 2, u,vE verifying zxq = and Vq = k — 1 and 

au ^ V and u ^ av . 

If k = 2 we also assume that au ^ av. Then there exist a G [0, 1] and /? G [1, 00) so that 
7 G [0,1]. Iff] > 1, then 

^2fi(^u) = a and ^"^^{av) = 7 . 

Proof: We consider separately the cases crv = and au = (A; — 1)°° (i.e. Uj = k — 1 for 
all j > 1). If (TV = 0, then u = and v = (A; — 1)0; we set a := and (3 := k — 1 (7 = 0). 
If au = (A; - 1)~, then v = (A; - 1)~ and u = 0(A; - 1)°°; we set a := 1 and (3 := k. 

From now on we assume that ^ av and au ^ (A; — 1)°°. Set := and (3o := k. 
We consider in details the case A; = 2, so that we also assume that au ^ av. 

Step 1. Set ai := ao and solve the equation 

^^^•^(av)=/3 + ai-fc + l. 
There exists a unique solution, (3i, such that k — 1 < Pi < k. Indeed, the map 

GaAl) ■= gaiil) - 7 with ^01(7) := '^SJ'^^^H^y) and /?(7) := 7 - ai + A; - 1 

is continuous and strictly decreasing on [ai, 1] (see Corollary 13.21) . If ay = (A; — 1)°^, then 
Gaii^) = and we set /3i := k and we have 71 = 1. If av ^ {k — 1)°°, then there exists a 
smallest j > 1 so that Vj < {k — 2). Therefore ^^''^(a-'y) < 1 and 

^-'^(ay) = (^1, . . . , v,.i + ^--^aV)) < 1 , 
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so that 6*0,1(1) < 0. On the other hand, since cry 7^ 0, ip'^''' ^{cty) > 0, so that 6*01(0) > 0. 
There exists a unique 71 G (0, 1) with Ga^ (71) = 0. Define Pi := = 71 — ai + A; — 1. 

Step 2. Solve in [0,71) the equation 

'(^^^"\an) = a with /5(a) := 'ji — a + k — 1 = (3i + ai — a . 

If au = 0, then set a := and /3 := (3i. Let cxu 7^ 0. There exists a smallest j > 1 such 
that Mj > 1. This implies that ^^'^^(0"%) > and consequently 

^S3^'^^-^)(au) = Jp'jLf (ni, . . . , ti,-„i + (^^-'^H^'u)) > . 

Since au ^ ay, 

< (^^-^K^U) < ^^J'^H^y) = 71 • 

We have 71 = 1 only in the case cry = (A; — 1)°°; in that case we also have Tp'^'^^(au) < 1. 
By Corollary 13.31 for any a > ai we have Tp^'f^^(an) > ^J^^*^") (au) . Therefore, the map 

H^^{a) := h^^{a) — a with h^^{a) := ^'^^^"\(ru) 

is continuous and strictly decreasing on [0,71), H^-^{ai) > and limof^i -^^^(a;) < 0. 
There exists a unique a2 G (ai, 71) such that H^^{a2) = 0. Set P2 '■= I1 — ct2 + k — 1 = 
ai + (3i — a2 and j2 '■= ct2 + P2 — k + 1 = 71. Since 02 € [0, 71), we have (^2 > 1- Hence 

tti < 0^2 < 7i and 1 < /32 < /?i and 72 = 7i ■ (3.3) 

If ay = (fc — 1)°°, 72 = 1 and we set a := 02 and (3 := /92. 

Step 3. From now on au 7^ and ay 7^ (fc — 1)°°. Set 03 := 02 and solve in [03, 1] the 
equation 

^<^3,/3(7)(;^y) = 7 with ■=-f-a3 + k-l. 

By Lemma 13.51 {k = 2) , 

^«3,/3(«3)(^^) = ^^^.i(ay) > ^^-^(au) > r^'ic^n) = «2 , 
since < 0:2 < 1. On the other hand by Corollary 13.31 

^a3,/3(,0(^v) = ^-3,l+7l-«3(orv) < ^«l,l+7i-l(^^) = ^lA(^^) = 71 , (3.4) 

since < 71 < 1. Therefore, the map Ga^ is continuous and strictly decreasing on [a^, 1], 
603(^3) > and 603(71) < 0. There exists a unique 73 G (03, 7i) such that 603(73) = 0. 
Set := j3 — as + k — 1, so that (3^ < •ji — a2 + k — 1 = f32- Hence 

«3 = Q!2 and 1 < ^3 < P2 and < 73 < 72 < 1 . (3.5) 

Step 4. Solve in [0,73) the equation 

^J^^*^"^(au) = a with (3{a) := ^3 — a + k — 1 = 13:^ + — a . 
By Lemma 13.51 

^«3,/3(.3)(^y) = ^^^'^^(au) > ^:?'^^(au) = ^:?'^^(au) = ^2 , (3.6) 
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since < 02 < 1- On the other hand, 

< = < ^:?'*(^y) = 73 < 1 • 

By Corollary 13.31 

Tp-J(-)^an) < ^^^'^("^)(au) V« E {a,, 73) • 

Therefore, the map 

H^^{a) := h^^ia) — a with hy^{a) := (au) 

is continuous and strictly decreasing on [03,73), Hy^{a^) > and liiriaT^^^ H^^{a) < 0. 
There exists a unique 04 G (03,73). Set /34 := 73 — 04 + /c — 1 = 03 + ^3 — 04 and 
74 := 04 + /34 — A; + 1 = 73. Hence 

03 < 04 < 73 and 1 < /54 < /33 and 74 = 73 . (3.7) 

Repeating steps 3 and 4 we get two monotone sequences {an} and We set a := 

lim„^oo On and /? := lim„^oo Pn- 

We consider briefly the changes which occur when A; > 3. Step 1 remains the same. 
In step 2 we solve the equation H^-^{a) = on [0, 1) instead of [0,71). The proof that 
H^-^{ai) > remains the same. We prove that limQ^i H^^{q) < 0. Corollary 13.31 implies 
that 

71 = ^^^'^Hay) = ^^'^("^)(av) > rJ^^\aY) \/a>a,. 
Since au ^ y and /?(ai) = 

^:^^(°)(f^u) < ^"'^^"^ (^0 + ^^^^"^ay)) < ^-i'^(-i) [vo + ^;^^(°)(ay)) < 1 . 

Instead of (13.31) we have 

«! < 02 < 1 and 1 < /?2 < A and 72 = 7i • 

Estimate (13. 4p is still valid in step 3 with A; > 3. Hence 6*^3(71) < 0. We solve the 
equation 6*^3(7) = on [0,7i]. We have 



^Q3,/3(7i)| 



00 



au)=^-^'^Hau) = a2. 



By Corollary 13.21 we get 

^^-^(^)(au)>(^^^'^^(au)=a2 V7 < 71 • 

Since u ^ cry. 

Estimate (13. 6p is still valid in step 4 so that Hy^i^a^) > 0. Corollary 13.31 implies that 
Therefore 
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Instead of (13.71) we have 

as < 04 < 1 and 1 < /?4 < /^s and 74 = 73 . 

Assume that (3 > 1. Then 1 < (3 < (3n for all n. We have 

^;^"'^"(o-v) = 7„, nodd 

and 

^J^'^"((ju) = «„ , n even . 
Let 7 = a + /5 — + For n odd, let /5* := 7 — a„ + A; — 1; using Lemma 13.61 we get 

l^Ji^^Y) - 7l < \ifJi^Y)-V^^"'^H^y)\ + |(^^"'^'*(aY) -^^"'^"(av)| + |7„ - 7| 

since /3* = /? + a — Letting n going to infinity we get ^^'^(cv) = 7. Similarly we 
prove ^^'^(cry) = a. □ 

Corollary 3.4. Suppose that {u,v), respectively {u',i/), verify the hypothesis of Proposi- 
tion \3.2\ with k > 2, respectively with k' > 2. If k > k' , u ^ u' and 1/ ^ v, then (3' < (3 
and a' > a. 

Proof: We consider the case k = k', whence cry' ^ ay. From the proof of Proposition 
13.21 we get 7^ < 71 and a[ > ai. Suppose that 7^- < and a'j > aj for j = 1, ... ,n. If n 
is even, then a^+i = a'^ and q;„+i = We prove that j'n^i < 7n+i- We have 

7n+l = V^oo (cry ) < foo (ay) < Lp^ (CTV) ^ 7„+i > 7„+i . 

If n is odd, then = 7^ and 7^+1 = 7„. We prove that a'^^^ > a^+i- We have 

=^^"+i'^(""+i)((Tu) < ^^"+^'^(""+^Hau') =^^"+i'T"+i-""+i+'=-i)(au') 
<(poo + [an] ^ a„+i > a^+i ■ 



□ 

We state a uniqueness result. The proof uses Theorem 13.11 

Proposition 3.3. Let k > 2, u,v& , wq = and vq = k — 1, and assume that (I2.2ip 
holds. Then there is at most one solution {a, (3) G [0, 1] x [l,oo) for the equations 

^'^{(^u) = a and Tp^^iav) = 7 . 

Proof: Assume that there are two solutions (q!i,/3i) and (a!2,/32) with jSi < j32. If 
Q!2 > tti, then 

as - «i = TT^^^^an) - ^^-^H^u) < , 

which is impossible. Therefore 02 < Q^i- If /^i = (32-, then 

> a2 - «i = ^^'^\<yn) - i^'^^'^'ian) > , 

which implies 0^2 = «!• Therefore we assume that a2 < cti and f3i < (32. However, 
Theorem 13.11 implies that 

log2 13i = /i(S(u, y)) = log2 (32 , 
which is impossible. □ 
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3.3 Computation of the topological entropy of E(u, y) 

We compute the entropy of the shift space S(u,y) where u and v is a pair of strings 
verifying uq = 0, Vq = k — 1 and (12.211) . The main result is Theorem 13.11 The idea for 
computing the topological entropy is to compute a and (3 by the algorithm of section 13.21 
and to use the fact that /i(S(u"'^, v"'^)) = logg (3 (see e.g. |Holj ). The most difficult case 
is when u and v are both periodic. Assume that the string u := a°° has minimal period 
p, |a| = p, and that the string v := h°° has minimal period q, \h\ = q. If ao = dp-i = 0, 
then u = Q and p = 1. Indeed, if ao = flp-i = 0, then aa = (pa)OO(sa); the result follows 
from (12.211) . Similarly, if bo = ^q-i = k — 1, then v = (fc — 1)°° and q = 1- These cases 
are similar to the case when only one of the strings u and v is periodic and are simpler 
than the generic case of two periodic strings, which we treat in details. 

The setting for subsection 13.31 is the following one. The string u := a°° has minimal 
period p > 2 with Uq = 0, or n = The string v := h°° has minimal period q > 2 

with Vq = k — 1, OT y = {k — 2)°°. We also consider the strings u* = a'b°° and v* = b'a°° 
with a' = pa(?/p_i - 1) and b' = pb(^;g_i + 1). We write S = S(u,v), S* = S(u*,v*), 
g = g{u,Y) and g* = g{u*,Y*). The main point is to prove that h{g) = h{g*) by 
comparing the follower-set graphs g and g* . 

Lemma 3.7. 1) In the above setting the vertices of the graph g are JF^, Ty, with w a 
prefix o/pa or ofpb, pa and pb included. 

2) Let r := |v(pa)|. If Up^i ^ Vr, then Ta = and there is an edge labeled by Up-i 
from T^a to T^. If Up^i = Vr, then Ta = T'v(j,a)vr (^''^d there is a single edge, labeled by 
Up_i = Vr, from to J-'v{pg)vr- ^ = 2 thc first possibility is excluded. 

3) Let s := |M(pi*)|. If Vq^i ^ Ug, then T^ = JF^ and there is an edge labeled by 
from to T^. If Vq_i = Us, then = J-'u(pb)us ^'^'^ there is a single edge, labeled by 
Vq-i = Us, from to J-'u{pb)u^- If k = 2 the first possibility is excluded. 

Proof: Suppose that w and ww' are two prefixes of pa- We show that JF^ 7^ T^jw'- Write 
u = wx and u = ww'y and suppose that JF^ = JF^^'- Then (see (13. 2p ) x = y = cr^u, so 
that u = (w')°°, contradicting the minimality of the period p. Consider the vertex jFp^ of 
g. We have 

.Fpa = {x G S : a^~^u ^ x ^ a^v} where r = |f (pa)| ■ 

Let d be the prefix of v of length r + 1, so that pd = v(pa). If Up^i 7^ Vr, then there are 
an edge labeled by Mp_i from jFp^ to JF^ = JF^ (since a^u = u) and an edge labeled by 
Vr from jFpa to JF^. There may be other labeled edges from jFp^ to JF^ (see Lemma . 
If = Vr, then there is a single out-going edge labeled by Mp_i from jFp^ to JF^ and 
^^(a) = d. We prove that .Fa = Td. If ■u(d) = e, the result is true, since in that case 

J^d = {xGS:u^x^ ct'^+V} = {x G S : (T^u ^ X ^ a^+V} = T^ . 

We exclude the possibility ^(d) 7^ e. Suppose that w := u{d) is non-trivial (|'a(d)| < p)- 
We can write a = a"w and a = wa since w is a prefix of u, and consequently aa = a"wwa. 
From Lemma 13.11 we conclude that ww is a prefix of u, so that au = a" www ■ ■ ■ , proving 
that u has period |w|, contradicting the hypothesis that p is the minimal period of u. 
If /c = 2 the first possibility is excluded because tip_i 7^ and we have Up^i ^ Vr by 
(jP~^u :< V. The discussion concerning the vertex .Fpb is similar. □ 
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Proposition 3.4. Consider the above setting. If h{Y,) > 0, then h{T,) = h{1]*). 

Proof: Consider the vertex .Fpa of Q* . In that case (up_i — 1) ^ Vr so that we have an 
additional edge labeled by Mp_i — 1 from jFp^ to JF^/ (see proof of Lemma [3?7I) . otherwise 
all out-going edges from J^p^, which are present in the graph Q, are also present in Q*. 
Let v*{w) be the longest suffix of w, which is a prefix of y*. Then 

J'a' = {x e S* : a^n* ^ x ^ y*} = {x G E* : y ^ x ^ y*} . 

Similarly, there is an additional edge labeled by Vg^i + 1 from jFpb to Let u*{w) be 
the longest suffix of w, which is a prefix of u*. Then 

J'b' = {X G S* : u* ^ X ^ aV} = {x G S* : u* ^ x ^ u} . 

The structure of the graph Q* is very simple from the vertices JF^/ and J-'^'. There is a 
single out-going edge from JF^/ to J-'^'vo^ from J-'^'vq to J-'^'vovi and so on, until we reach 
the vertex J-'^'ph- From that vertex there are an out-going edge labeled by to JF^/ 
and an out-going edge labeled by Vg^i + 1 to J^y. Similarly, there is a single out-going 
edge from JF^/ to J^Wuoy from J-'^uq to J^Wuoui and so on, until we reach the vertex J-'wpa- 
From that vertex there are an out-going edge labeled by Up^i to J^y and an out-going 
edge labeled by Up_i — 1 to JF^/. Let us denote that part of Q* by This subgraph is 

strongly connected. The graph Q* consists of the union of Q and with the addition 
of the two edges from jFp^ to JF^/ and jFpb to J^y. Using Theorem 1.7 of jBGMY] it easy 
to compute the entropy of the subgraph Q*\Q (use as rome {.Fa', JF^'}). It is the largest 
root, say A*, of the equation 

+ A-^' - 1 = . 

Hence A* is equal to the entropy of a graph with two cycles of periods p and q, rooted at 
a common point. To prove Proposition 13.41 it sufficient to exhibit a subgraph of Q which 
has an entropy larger or equal to that of Q*\Q. 

If A; > 4, then there is a subgraph with two cycles of length 1 rooted at JF^. Hence 
h{Q) > log2 2 > A*. If jFa = JF^ or JF^ = JF^, which could happen only for A; > 3 (see 
Lemma [3TI) . then there is a subgraph of Q consisting of two cycles rooted at JF^, one of 
length p or of length q and another one of length 1. This also implies that h{Q) > A*. 
Since the minimal periods of u and y are p and q, it is impossible that .Fw = .F^ for w a 
non trivial prefix of pa or pb. Therefore we assume that k < 3, J-'^ ^ J^e and JF^ 7^ JF^. 

Let ?i be a strongly connected component of Q which has strictly positive entropy. 
If jFg is a vertex of Ti, which happens only if = 3, then we conclude as above that 
h{Q) > A*. Hence, we assume that JF^ is not a vertex of Ti. The vertices of 7i are 
indexed by prefixes of pa and pb. Let JF^ be the vertex of Ti. with c a prefix of u and |c| 
minimal; similarly, let JF^ be the vertex of Ti. with d a prefix of y and |d| minimal. By 
our assumptions r := |c| > 1 and s := |d| > 1. The following argument is a simplified 
adaptation of the proof of Lemma 3 in |Ho3j . The core of the argument is the content of 
the Scholium 13. 1[ Consider the w-parsing of a from the prefix pc, and the ti-parsing of b 
from the prefix pd, 

a = (pc)a^ ■ ■ ■ a'' and b = (pd)b^ • ■ ■ b^ . 
(From pc the w-parsing of a does not depend on pc since there is an in-going edge at jFg.) 
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We claim that there are an edge from J^(pc)ai to jFj and an edge from ^(pd)bi to JF^. 
Suppose that this is not the case, for example, there is an edge from ^(pc)ai - aJ to JF^, 
but no edge from ^(pc)ai - a* to JF^, I < i < j. This implies that vi^ai') = sa,^ = p(d) and 
(pc)a^ ■ ■ ■ a-'/' is a prefix of u with f ^ f and / defined by d = (pd)/. On the other hand 
there exists an edge from ^{pc)ai---aJ-i to ^t,((pc)ai --aJ-i)* = ^v{^-'^)* with * some letter of 
A and v{aP~^)* 7^ d by hypothesis. Let e be the first letter of aP . Then * = (e + 1) since 
we assume that JF^ is not a vertex of 7i and consequently there are only two out-going 
edges from ^(pc)ai-- a^-i- There exists an edge from JF^(aJ-i) to ^«(^(aj-i))*, where * is some 
letter of A (see Scholium 13.11) . Again, since JF^ is not a vertex of H we must have * = e. 
Either u{v{aP~^))e = c or u{v{aP~^))e 7^ c. In the latter case, by the same reasoning, 
there exists an edge from ^^(^(aJ-i)) to ^i,(«(^(aJ-i)))(e+i) and v{u{v{aP~^))){e + 1) 7^ d by 
hypothesis; there exists also an edge from J-'v{u{v(^3-^))) to J^u(v(u(v{ai~^))))e- After a finite 
number of steps we get 

u{- ■ ■ v{u{v{ai'~^))))e = c . 

This implies that pc is a suffix of aP~^, and the last letter of c (or the first letter of a^) is 
e. Hence a^ = ed ■ ■ ■ . If we write a^~^ = g(pc) we have 

(pc)a^ = cd ■ ■ ■ = c(pd)/ ■ ■ ■ and a^'^a^f = g(pc)e(pd)/' = gc(pd)/' . 

We get a contradiction with (12.211) since c(pd)/' -< c(pd)/. 

Consider the smallest strongly connected subgraph Ti' of Ti. which contains the ver- 
tices jFg, JF(pg-)a^i, and ^(pd)bi- Since H has strictly positive entropy, there exists at 
least one edge from some other vertex A of 7i to JFg or jFj, say JFg. Define Q' as the 
smallest strongly connected subgraph of 7i, which contains Ti.' and A. This graph has 
two cycles: one passing through the vertices jFg, J-'(pc)a^, ^d, ^(pd)h^ and JFg, the other one 
passing through the vertices J-'c, ^(pc)ai! ^d, ^{pd)h^j ^ and JF^. The first cycle has length 
|a"^| -|- |b^|, and the second cycle has length la"*^! + Ib"*^] + ■ ■ ■ + lb"*] if A = J^p(^d)h^- -v- We 
also have 

|c| = Ib^l = and |a^| = |d|. 
Therefore one cycle has period 

|a^| + |b^| < |a^| + |c| <p, 

and the other one has period 

|d| + Ib'l + ■■■ + |y| <q. 

□ 

Theorem 3.1. Let k >2 and let u G A^+ and v G A'^+, such that uq = 0, Vo = k — 1 and 

u^a"'u^v Vn > and u^a^v^v Vn>0. 

If k = 2 we also assume that au ^ av. Let a and j3 be the two real numbers defined by 
the algorithm of Proposition \3.2[ Then 

h{i:{u,v)) = \og^p. 



If k = 2 and av -< au, then /i(S(w, v)) = 0. 
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Proof: Let /3 > 1. By Propositions 13.21 and 12.51 we have 

S(u"'^,v°'^) C S(u,y) C S(u:''^,v:'^) . 
From Proposition 13.41 we get 

/i(s(u^'^v^''5)) = /i(s(u:'^y:''^)) = iog2^. 

Let lim„a„ = a and lim„/?„ = /? = !. We have a„ < 1 and /3„ > 1 (see proof of 
Proposition 13. 2p . Let 

u" := u^"''^" and v" := v^"'^" . 

By Proposition 12.51 point 3, 
By monotonicity, 

^S'^^(^Y^) < r^'^'i^y') = 11 = 72^^^'^^(^Y^) • 

Therefore y^ ^ y^ (i/q = Vq) and by Proposition 12.51 point 2, 

^ u ^ u"2'^2 and y ^ y^ 

By monotonicity, 
Therefore ^ and 

^ u and y"^'^^ ^ Y ^ Y^ 
Iterating this argument we conclude that 

u"^u and Y^y". 

These inequahties imply 

/i(S(u,y)) < /i(5](u",y")) = \og2l3n ^0 forn ^ oo. 

Finally let k = 2 and cry -< an. If an = (1)°°, then y^- = for a single value of j, so that 
/i(S(u, y)) = 0. Suppose that an 7^ (1)°° and fix any > 1. The function a ^^'^(cru) 
is continuous and decreasing since Tp°''^ dominates Tp"' if a < a'. There exists a G (0, 1) 
such that Tp'^^{an) = a. If Yq < Yq'^, then y -< y"'^ and I](u,y) C S(u,y'^'^), whence 
/i(S(u,y)) < log2/3. If Yo = Yo'^ = 1, then 

rJicrv) < rJicrn) = a < 7 = rJi^Y^'''') ■ 

The map Tp"^^ is continuous and non-decreasing on A'^+ so that cry -< av'^'^, whence 
y ^ y"'^ and /i(S(u,y)) < log^p. Since > 1 is arbitrary, /i(S(u, y)) = 0. □ 



Computation of topological entropy 



31 



4 Inverse problem for f3x -\- a mod 1 

In this section we solve the inverse problem for j3x + a mod 1, namely the question: 

given two strings u and v verifying 

u^a"'u^v and u-<a'^v<v Vn > , (4.1) 
can we find a G [0, 1) and (3 G (1, oo) so that u = w"'^ and v = 

Proposition 4.1. Let the tp-expansion he valid. Let u he a solution of (I2.26P and v a 
solution of (12:271) . // (gl]) holds, then 

u^^P = u ^ Vn > : ^J^ia^'u) < 1 ^ Vn > : Tp'^^{a''v) > ^ v''^^ = v . 
Proof: The (/9-expansion is valid, so that (12.221) is true, 



> : ^Si^(a«u"'^) = r",(0) < 1 . 



Proposition 12.31 and Proposition 12.51 point 2 imply 



u = u 



o,/3 



Vri > : ^^^(a"u) < 1 . 



Similarly 

V = y°'^ ^ Vn > : ^^'^(a"y) > . 
Let X -< x', X, x' G S(u,y). Let i := min{m > : 7^ Then 

^s^^(x) = rJi^') =^ rJ{<y'^'^) = 1 and rJi^'"-'^) = o . 

Indeed, 

(^0, ■ ■ ■ , 3:^-1, a;^ + ^^(o-^+^x)) = ^f-^ {xo, . . . , + ^^^(cr'^+^x')) 

Therefore x'^ = xi + 1, ^^^(a^+^x) = 1 and ^^'^(a^+^x) = 0. Suppose that ^^'^(a^u) = 1, 
and apply the above result to cr'^u and y to get the existence of m with ^J^^(cr™y) = 0. □ 

Let u G A'^+ with Mq = and u ^ o""u for all n > 0. We introduce the quantity 

U := sup{a"u : n > 0} . 

We have 

(7"u < u Vn > . 

Indeed, if u is periodic, then this is immediate. Otherwise there exists nj, with rij | 00 
as J ^ 00, so that u = limj a^^n. By continuity 

(T^u = lim cr^+^^ u < u . 

Example. We consider the strings u' = (01)°° and y' = (110)°°. One can prove that 
u' = u""'^ and y' = y""'^ where (3 is the largest solution of 

/3<i-/35_f3 = ^(^2 _ ^ + i)(^3 _ ^ _ ^) ^ 
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and «=(! + /?) ^. With the notations of Proposition 12.51 we have 

a = 01 a' = 00 b = 110 b' = lll. 

Let 

u := (00110111)°° = (a'bb')°° . 

We have 

u= (11100110)°° = (bVb)°°. 
By definition ^^'^(cru) = a. We have 

(b)°° ^ u ^ b'(a)°° . 

From Proposition 12.51 point 3 and Proposition 13.41 we conclude that logg = /i(Sl(u, u)). 

Theorem 4.1. Let k > 2 and let u G and v G A'^+, such that Uq = 0, Vq = k — 1 and 
(14.11) holds. If k = 2 we also assume that au ^ crv. Set logg /9 := /i(S(n, n)). Let a and 
(3 be defined by the algorithm of Proposition \3.S\ Then 

1) If (3 < P, then u = and v = iP'^ . 

2) If P = (3 > 1 and and 'iP'^ are not both periodic, then u = if'^ and v = t/^'^. 

3) If P = (3 > 1 and and if'^ are both periodic, then u ^ if'^ and v ^ v°''^. 

Proof: Let (3 < (3. Suppose that u ^ u°''^ or y 7^ y"''^. By Proposition 14.11 u 7^ u"''^ and 
Y 7^ y"''^, and there exists n such that ^J^'^((t"u) = 1. Hence ^^'^(u) = 1. If 7 > 0, then 
Uo = "^0 = ^ — 1 whence an ^ ay, so that ^^'^(cru) = 7. By Propositions 12.51 and 13.41 we 
deduce that 

log2 3= ME(u,u)) = /^(S(u,y)) = log2^, 

a contradiction. If 7 = 0, either Uq = A; — 1 and Tp^^[a\i) = 7, and we get a contradiction 
as above, or Uq = A; — 2 and ^J^'^(cru) = 1. In the latter case, since au ^ u, we conclude 
that U]^ = A; — 2 and ^J^'^(a^u) = 1- Using a^u ^ u we get u = (A; — 2)°° = y"'^, so that 
/i(S(u,u)) = /i(S(u, y)), a contradiction. 

We prove 2. Suppose for example that u"'^ is not periodic. This implies that a < 1, so 
that Proposition 12.31 implies that u = u"'^. We conclude using Proposition 14.11 Similar 
proof if y°''^ is not periodic. 

We prove 3. By Proposition 14.11 u = u"'^ or y = y"''^ if and only if u = u"''^ and y = y°'^. 
Suppose u = u"'^, then u is periodic so that u = a^u for some p. This implies that 

by Proposition 14. 1[ Let Uq = A; — 1. We can apply the algorithm of Proposition 13.21 to the 
pair (u,u) and get two real numbers a and f3 {if k = 2, using (3 > 1 and Theorem 13. 11 we 
have au ^ au). Theorem 13.11 implies f3 = /3, whence (3 = (3. The map a h-^ ^J^^(au) is 
continuous and decreasing, so that a 1-^ ^^'^(au) — a is strictly decreasing, whence there 
exists a unique solution to the equation ^^'^(au) — a = 0, which is a = 5. Therefore 
^^'^(au) < 1 and we must have k = k, whence 

rJicrn) = a + p-k + l= rJiav) . 
But this implies ^^'^(u) = 1, a contradiction □ 
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Theorem 4.2. Let k > 2 and let u E and v E A^+, such that uq = 0, vq = k — 1 
and (14. ip holds. If k = 2 we also assume that au ^ av. Let a and (3 be defined by the 
algorithm of Proposition ISTB . If h{11{u,u)) > 1, then there exists %'^u such that 

u^ -< V =^ u = u""'^ and v = 'if'^ 
u^ )^ V =^ u 7^ 'iT''^ and v ^ v"''^ 



Proof: As in the proof of Theorem 14.11 we define k and, by the algorithm of Proposition 
13.21 applied to the pair (u, u) , two real numbers a and j3. By Theorem 13. H log2 (3 = 
/i(S(u,u)). We set 

{y"'^ if y"'^ is periodic 
y"'^ if y"'^ is not periodic . 

It is sufficient to show that u^ ^ y implies (3 > (3 (see Theorem 14. II point 1). Suppose the 
contrary, (3 = (3. Then 

We have ^^'^(y) = 1 and for a > a, '^^^(y) < 1 (see Lemma [3.51) . Therefore a < a. On 
the other hand, applying Corollary 13.41 we get 5 > a so that a = a and k = k. From 
Propositions 12.41 or 12.51 we get y ^ u*, a contradiction. 

Suppose that u^ >- y. We have m ^ y ^ u^, whence /i(S(u,u)) = /i(5](u, u^)) and 
therefore (3 = (3. As above we show that a = a. Notice that if u"''^ is not periodic, then 
by Proposition 12.31 u"''^ = U- If y"'^ is not periodic, then by Proposition 12.41 y"'^ = y. If 
y«,/3 jg periodic, then inequalities (14. ip imply that we must have y"'^ -< y. Therefore we 
may have u,, )^ y and inequalities (14. ip only if u°'^ and y"'^ are periodic. Suppose that 
it is the case. If u is not periodic, then using Proposition 14.11 the second statement is 
true. If u is periodic, then u = cr^U for some whence ^^^(a^u) = 1; by Proposition 14.11 
U ^ u"'^. □ 
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